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Abstract-The second part deals with the approximations of the master equation for a vibrational energy 
distribution of a diatomic gas. The equations of the Biberman-Holstein type are obtained, in which 
nonequilibrium is approximately described. The diffusion equation is derived and the corresponding 
boundary condition is formulated. The diffusion coefficient is calculated, which is related to the mean 
absorption coefficient, differing essentially from the appropriate mean values, introduced according to 

Planck and Rosseland. 

I. DESCRIPTION OF VIBRATIONAL 

NONEQUILIBRIUM BASED ON 

INTEGRAL EQUATIONS 

THE MASTER integro-differential equation (1.46) can 

also be extended to a multicomponent gas. Thus, for 
example, for the most interesting case of hot particles 
radiating in a continuous spectrum, the master equa- 

tion becomes 
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The equation of radiative transfer in this case is 

( > f$+nV J(k) 

= k,qv3E+kpB,. - (4, +&W(k). (3) 

The second integral term in (1)is obtained by changing 
jv in the source (I. 48) to the intensity of radiating 
particles. The vibrational relaxation time is changed as 
well due to the presence of particles of different type. 

Equation (1) is certainly much simpler than the 
original set (I. l-3), but further simplification would 
be of practical interest. Our approach rests on suc- 
cessive approximations of the kernel of equation (1). 

To avoid tedious mathematics, we shall consider the 
approximations on the example of a uniform flat layer, 
while the generalization for the three-dimensional 

non-uniform case is included in the Appendix. 
Let v = 0, kp = 0, p = const, T = const, then for the 

flat layer, on integration over the angles C#J and 0 in 
cylindrical coordinates equation (1) becomes 

(;+gE(i)= jo' K(l5_il)&(i)di+~(5,t), (4) 

where 

(5) 

E,(i)=jO’exp(-z)T, @=$+$. (6) 

Since at low pressures the line-shape functions can be 

considered as non-overlapping, then with the help of 
(I. 24-27) one obtains 
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After introducing the new notations 
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the kernel K(t) assumes the form 

(8) 
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Write down (9) in the form given in [I] 

CT(<) = ( cxp( -.‘*x)l’(*_)d.~. (11) 
J 0 

in which I’(u) is a certain function, then 

Differentiation of (13) and effective subtraction from 

the sum of the mean optical thickness of the layer (T, 
yields approximated equation for W(z) 

To determine g and the constant of integration of 
equation (14), we impose on the function i%(z), which 
is the solution of an approximate equation (14), two 
conditions 

“I 
W(0) = f@(O). 

! 
Mi(s)dz = [’ @/(z)dz (15) 

0 Y 0 

Thus, with the help of (14) and (15) one obtains the 
following definition of the mean optical thickness of 
the layer in the centres of the lines 

(16) 

Replacing of W(z) in (12) by m(z) yields 

By substituting (17) into (4) and introducing a new 
variable we obtain [2] 

in which 

It is noteworthy in this case, that equation (IX) 

coincides formally with the known 

Biberman-Holstein equation [3,4], describing the 
function of distribution of the excited two-level atoms 
at resonance scattering in a spectral line in the 
approximation of complete redistribution by fre- 

quencies, We introduce now the mean absorption 
coefficient, k,, in the centres of the lines 

(20) 

To derive formula (20) use should be made of 
equations (I. 24 27). (8) (16). Note that for a three- 
dimensional case we have the following equation 

in which 

@(r,r)=r ‘(I--K*)i:“(r.!) ttb(r.0. Ill;li 

As is easy to verify, for the individual case of the 
volume V being a flat layer, equation (21) is transfor- 

med into (18). 
We introduce now the following approximation 

k-,:)+=7: ‘2 ‘/’ l'(('))ehpi--r(c'i)I)j(!, 

For justification of,(23) we introduce the functions 

P + I 
F(r) = * ’ ‘2 i2(o))expl-~(~!))-_Id(~. 

then, if the following conditions are imposed 

,q / ” I 
F(O) = F(0). F(;)dz =- r(;)dr. (25) 

,I (1 .’ 0 

it is easy to determine, that LI = I T[ 7, h = I , 2. 
Assuming F(z) z F(z), we obtain (23). It was in a 

slightly different way that equation (23) was in- 
troduced jn [5]. Thus. the approximation (23) is 
equivalent to the replacing of the line-shape function 

x((c)) by ?(c,), which, according to (24) can be re- 
asonably called a monochromatic one. The approxi- 
mation (23) reduces equation (21) 10 

(T(Cl j + I i:(r) 

K* * 
=h 

exp(-k(r-rl) 
mf:(r’)dr 
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+(l -R*)r:“(r)+ s$(r. r). (Xi 

in which L = h,. \ :! 

Hence, the frequencies average absorption coefficient k 

is a mean value of li, with the weight function 4 J,O. 
Note that equation (26) coincides formally with the 
master kinetic equation of the neutron transport 
theory. 
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Using (I. 24-27), equation (27) can be written as 

in which summation over j is substituted by in- 
tegration. Approximate integration in (28) allows a 
sufficiently accurate formula to be obtained 

NB 
k = 2_7’2(hC)3’2(rnB,)‘!2__. 

kHT 
(29) 

It is obvious that k differs essentially from correspond- 
ing mean coefficients introduced according to Plank 
and Rosseland. 

Validity of the approach, based on the mean coef- 
ficient k (29), is limited by the condition 

exp 

which is being satisfied with good accuracy in many of 
the problems of diatomic gas thermal radiation. 
Calculation ofk (27) with allowance for anharmonicity 
leads to the appearance of an extra factor depending 
on vibrational temperature. When condition (30) is 
satisfied, the mean coefficient k does not depend on 7;. 
A more general statement is obvious: compliance with 
condition (30) is required for using the spectral 
absorption coefficient 4, (1.24) in equation (1), where 
no allowance is made for the molecules anharmonicity. 

Here n is the external normal of the boundary of a 
radiating volume. 

Integrating equations (32), (33), (35) over the fre- 
quency within the limits of the effective width of the 
vibrational-rotational band and introducing the no- 
tations 

S= S,,,S,.dv, U= jAv,,d, ~z=T,(37) 

one obtains from the set (31)(35) 

a &Q--E 1 
-_E= ---v&5, 
at 9 p 

(38) 

vs = CK(a& - U). (39) 

where IC is a certain unknown effective absorption 
coefficient. 

Representing the integral density of the radiative 
flux S in terms of c, we find with the help of (38)-(40) 

2. DIFFUSION APPROXIMATION 

In lieu of the radiative transfer equation (I. 22), we 
S= -~V[-+~(~-~)~. (42) 

use now the two-flux approximation [4], then, accord- 
ing to [7], a complete set of equations with allowance Substitution of (42) into the RHS of (38) yields the 
for (I. 40) can be written as following equation for the density of vibrational 

a &O--E energy 
-c= 
r?t 

--p-lV S,dv, 
to s 

(31) 
dr 

vs, = &.(up-u,), (32) 
in which n 

s,. = --LUJ,,, 
% 

in which 

(33) 

To obtain a boundary condition for equation (43), we 
express first the radiant energy density U in terms of E 

(34) 
u = &($+4-$1. (45) 

u,” = 
8XV%l 

Then, exclusion of the radiation flux density from (40) 

- E. 
C%* 

(35) 
and (41) yields the boundary condition for C; 

It is also necessary to specify the boundary condition, 
(ti+cmVC!)l, = 0. (46) 

being a consequence of the two-flow approximation, as 
well as the initial condition 

Substituting (45) into (46), we obtain the boundary 
condition for E 
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Besides, with the help of (41) and (46) we obtain the 
formula for the integral radiation flux from the surface 
of a radiating volume 

The disadvantage of the diffusion approximation, 

based on (43) and (47), lies in the uncertainty of ti and, 
consequently. of the diffusion coefficient 1’. However, 
it is possible to overcome this difficulty by using the 
above equation (26). Actually, in the flat layer case 
equation (26) assumes the form 

+ (1 -R*)I:“+~~(x. I). (49) 

To obtain the diffusion equation and the cor- 

responding boundary condition, it would suffice to use 
the conventional approximation of the exponential 

integral function E,(x) = ,.,‘3exp( - ,,/3x). Substitut- 

ing this expression into (49) we find 

= $‘kR* J 
- n 

exp( - t./3kls-!.I)~(~‘)d~, 
0 

+ (1 -R*)r:‘+t$(.x r). (50) 

Differentiation of (50) yields 

Comparing (43), (47) with (51) (52), respectively. we 

determine r = 1:,;‘3k and K = (,‘3,/2)k. From (51). 
(52) it follows that, to allow for the external source 
$(r, t) in the three-dimensional case, it is necessary to 
add the terms [I -(XV)*]+ and (1 +ctnV)$(,, to the 
RHS of (43) and (47), respectively. 

Analytical solutions of diffusion equation (43) with 
arbitrary initial distribution of E(r), and with external 
source +(r, t) for geometries, such as a cylinder, a 
sphere and a flat layer, have been obtained in [7,8]. 

To determine the accuracy of the diffusion approxi- 
mation, an attempt has been made in co-operation 
with L. V. Katkovsky and L. V. Khodyko, to numeri- 
cally solve equation (4), with allowance for 200 
vibrational-rotational transitions being made. The 
results demonstrated a good agreement with the 
solution of the system (51), (52) at R* ,< 0.99 for any 
optical layer depth. 

In conclusion we note, that the frequences averaged 
coefficient k (27), (29) introduced for calculation ofthe 
source function (1.45), is also connected with the 
integral radiation intensity. Really. using (I. 34 17 1 
and the relation 

which is obtained by integrating equation (23). it i\ 
easy to determine. that 

Equation (54)is valid ifcondition (30) and also k6 :; 1 
are complied with, because, in contrast to (23). the 
approximation (53) is valid only at r < I 

I. 
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APPENDIX 

Extension ofequation (21) to the space non-homogeneous 
case, when Y, r. p are arbitrary functions of r and t. is $ven b:, 

-?, 
G(r.r’k:(r’)dr’ -4 

1:“(r 1 

?‘I 
c ci/(r. ! 1~ Ii?) 

where 

v”k, (r)k (r’)di 

Indeed, it is easy to demonstrate that. in the case when r 
= 0, T = const, p = con& the system (55)-(57) is equivalent 
to (21). Besides, it should be noted, that from all the possible 
extensions of (21) to the space non-homogeneous case. 
equation (55) is most similar by its functional structure to 
(I. 46). In particular, the function {j(r)G(r.r’), as well as 
p(r)C(r, r’). is symmetrical with respect to the v*ariables r. r’ 
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Integrating in (56) over the frequency v yields Moreover, for the non-homogeneous case, equation (55) with 

&, r) = (hc)5’2 : liZ $!? 

0 

the kernel G&r’) instead of G(r,r’) is equivalent to (26). 
These results can also be generalized for the Voigt line profile 

d&Yr~W~Y F[G,r’)l (58) 
PI. 

It should be noted that, to determine the spectral intensity 

’ (T(r) + T(r’))* /r-r’)* 
of radiation, it is necessary first to determine 7;, with the help 
of (55), (I. 44), for example, which makes it possible to use the 

In the monochromatic approximation (23) it is obvious that equation ofradiative transfer (I. 11) for determination ofJ(k). 

B 1/2&BZ 
Go@, r’) = (hc)“* f 

0 

A more simple equation (1.22) can not be used here because 

* of the roughness of the superpositional approximation, 

H though its use for determination of the source function is 

p(r’)(T(r)T(r’))“’ exp JZ ( 
-Lrc(rrr’) 

1 

justifiable. This fact can be explained by c(r) being, in contrast 
with J(k), much less sensitive to variation of k, , which has 

’ (T(r)+ T(r’))* .l/zlr-r,(2 (59) 
made it possible to introduce the mean coefficient for 
calculation of the source function 

RAYONNEMENT DANS LES GAZ DIATOMIQUES 
EN NON-EQUILIBRE DE VIBRATION-II 

R&urn&La seconde partie traite des approximations de I’equation de distribution d’energie de vibration 
pour un gaz diatomique. On obtient les equations de type Riberman-Holstein, dans lesquelles on decrit 
approximativement le disequilibre. L’tquation de diffusion est obtenue et sont formulees les conditions aux 
limites correspondantes. On calcule le coefficient de diffusion qui, relic au coefficient moyen d’absorption, 

differe essentiellement des valeurs moyennes introduites selon Planck et Rosseland. 

VIBRATIONS-UNGLEICHGEWICHTS-STRAHLUNG VON ZWEIATOMIGEN 
GASEN, TEIL II 

Zusammenfassung-Der zweite Teil behandelt die Naherung der Grundgleichung fur die Schwingungs- 
energieverteilung eines zweiatomigen Gases. Man erhah Gleichungen des Biberman-Holstein Typs, mit 
denen ann%hernd Nichtgleichgewichte beschrieben wurden. Die Diffusionsgleichung wird abgeleitet und 
die zugehorigen Randbedingungen formuliert. Der Diffusionskoeffizienten bezogen. Unterschiede ergeben 

sich im wesentlichen zu den von Planck und Rosseland eingefiihrten Mittelwerten. 

KOJIEBATEJIbHO-HEPABHOBECHOE I43JIY’IEHME ABYXATOMHbIX I-A30B - 2 

A~Ho~~~HR-B~ ~~Op0fi 4aCTW paccMoTpeHbl annpoKcuMauuR OCHOBHO~O ypaeaeam nm pac- 
npeneneHwn Kone6aTenbHoi4 3Heprwli ,qByxaTolrrHoro ra3a. nonyreHbr ypameHm Tma ki6epMaHa- 

XOnCTefiHa &i nafiepnca, npa6nwwteHHo OnHCblBaIO~He HepaBHOBWHOCTb. BbIBefl’Z.HO .QU~~J’3WOHHOe 

)‘paBHeHHe, a TBKXOZ COOTBeTCTBj’IOIIlee rpaHH'iHOe yCJIOBHe. BblWicneH K03++iqAeHT &4y3~iEi, 

KOTOpblfi CBI13aH CO CpenHEiM KO3~@i~&ieHTOM ~OrnOlUeHH5l, CyU.,eCTBeHHO OTnASaH)~eMCII OT 

COOTB‘ZTCTBYKWAX CpeilHHX BBOLWMbIX IlO nJlaHK)’ Ii POCCeJlaHJly. 


